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Abstract. On a Finsler manifold (M, L), we consider the change L — ► L(x,y) = 
e a ( x >L(x,y) + f3(x,y), which we call a /3-conformal change. This change generalizes 
various types of changes in Finsler geometry: conformal, C-conformal, /i-conformal, 
Randers and generalized Randers changes. Under this change, we obtain an explicit 
expression relating the Cartan connection associated to (M, L) and the transformed 
Cartan connection associated to (M, L) . We also express some of the fundamental 
geometric objects (canonical spray, nonlinear connection, torsion tensors, ...etc.) of 
(M,L) in terms of the corresponding objects of (M, L). We characterize the (3- 
homothetic change and give necessary and sufficient conditions for the vanishing of 
the difference tensor in certain cases. 

It is to be noted that many known results of Shibata, Matsumoto, Hashiguchi and 
others are retrieved as special cases from this work. 
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1. Introduction and Notations 



Let (M, L) be a Finsler space, where M is an n-dimensional C°° manifold and 
L(x, y) is a Finsler metric function. If cr(x) is a function in each coordinate neigh- 
borhood of M, the change L(x, y) — ► e a ^L(x, y) is called a conformal change. This 
change was introduced by M. S. Kneblman [10] and deeply investigated by many 
authors: [I], [5], [6], ••• etc. The change L(x,y) — ► L(x,y) + (3(x,y), where L(x,y) 
is a Riemannian metric function and (3 = biy 1 is a 1-form on M, is called a Randers 
change after Randers who first introduced it in [T5]. The geometric properties of such 
a change have been studied in various works: [2], [9], [12], [16] etc. Matsumoto 
[TT] introduced the transformation L*(x,y) = L(x,y) + (3{x,y), where L(x,y) is a 
Finsler metric function, and named it a /9-change. He obtained the relationship be- 
tween the Cartan connection coefficients of (M, L) and those of (M, L*). Since then, 
this change has been investigated by many authors: Shibata |14j . Miron [T2]....etc. 

A change generalizing all the above mentioned changes has been introduced by 
Abed [1] in the form: 

L{x, y) — > 0L(x, y) = e^L(x, y) + (3{x, y), (1.1) 

where a is a function of x and j3(x,y) = bi(x)y l is a 1-form on M, and named a 
/5-conformal change. In fact, when (3 — 0, the change (11 .11) reduces to a conformal 
change. When a — 0, it reduces to a /^-change if L is a Finsler metric function and to 
a Rander change if L is a Riemannian metric function. In [TJ , we have established the 
relationships between some important tensors associated with (M, L) and the corre- 
sponding tensors associated with (M, L) . We have also investigated some invariant 
and a- invariant tensors. 

In this paper, we still consider the /3-conformal change ( 11.11) . Under this change 
we obtain an explicit expression relating the Cartan connection CT associated to the 
Finsler manifold (M, L) and the transformed Cartan connection CT associated to the 
Finsler manifold (M,L) (cf. Theorem A). This result generalizes various results of 
Hashiguchi [I], Izumi ([5], [6]), Matsumoto [TT], Shibata [H] and others [15],..., etc. 
(cf. Remark 3.1). Having established this crucial relation, we draw some consequences 
and conclusions from our fundamental theorem. We relate the two canonical sprays 
S r , S and also the two Cartan nonlinear connections JVJ, JV-. We get the relation 
between the torsion tensors C^, P[j, BT^ and the corresponding tensors C\p P^-, R^. 
We terminate the paper by two theorems (cf. Theorems B and C) which, roughly 
speaking, characterize the /5-homothetic change and the vanishing of the difference 
tensor (between the two Cartan connections) in different cases. 

It should finally be noted that many known results are retrieved as special cases 
from the obtained results as indicated in different places of the work. 

NOTATIONS. Throughout the present paper, (M, L) denotes an n-dimensional 
C°° Finsler manifold, (x l ) denote the coordinates of any arbitrary point of the base 
manifold M and (y l ) a supporting element at the same point. We use the following 
notations: 



1 In PP, we called the change (jl.ip a "conformal /3-change", but we think that the name 
"/3-conformal change" is rather the appropriate one for such a change. This is the name that 
we will always employ. 
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df partial differentiation with respect to x l , 
di\ partial differentiation with respect to y l , 
gij := \didjL 2 = didjE: the fundamental metric tensor, 

Li := diL = QijLP := Qijjj'- the normalized supporting element, 

hij := LdiLj = LLij = — LiLj: the angular metric tensor, 

Cijk ■= \dk{9ij) = \d-idjd k E, 

Cj k := g d Cijk- the (h)hv-torsion tensor, 

T l - k : the coefficients of the Cartan connection CT, 

N!j '■= (y k T l j k ): the coefficients of the canonical nonlinear connection, 

CT := (Vj k ,Nj,Cj k ): the Cartan connection associated to (M,L), 

4 := d k - N r k d r , 

X^ k := SkXj + XjT l rk — X l r Y r - k : the horizontal or (h)-covariant derivative of Xj. 
Contraction by y l will be denoted by the index 0. For example, we write T^- for T l k -y k . 



2. Basic tensors associated to a /5-conformal change 

In this section we introduce some basic tensors associated to a /5-conformal 
change. Consider the /3-conformal change (11.11) . The relation between the associ- 
ated normalized covariant supporting elements is given by: 

Li(x,y) = e a{x) L l (x,y) + b l (x). (2.1) 

Consequently, if we write := djLi , L^ k := d^L^ , ... etc., we get 

L ij (x,y) = e^L ij (x,y). (2.2) 
L ijk {x,y) =e a{ - x) L i3k [x,y). (2.3) 

L ijkl (x, y) = e^Li^x, y). (2.4) 

It is to be noted that Equation (12.21) is equivalent to fll.II) ; it is then a character- 
ization of /3-conformal changes. It is clear that Ly — -j?- is cx-invariant (A tensor K 
is a- invariant if K(x,y) = e a K(x,y) under the /3-conformal change ( 11.11) ). 

Lemma 2.1. Under a (3-conformal change L(x,y) = e a ^ x 'L(x, y) + (3(x,y), the rela- 
tion between the fundamental metric tensors g^ and g^ is given by: 

9ij = T (dij ~ LiLj) + LiLj 

and the relation between the corresponding covariant components g^ and g u is given 
by: 

gij = T -i g ij + _ r -2(ji 6 j + ZJ'6 i ), (2.5) 

where [i = (e a Lb 2 + (3)/Lt 2 , T = e a jr, b 2 = b i b i and U = g ij bj. 



3 



Differentiation the angular matric with respect to y k , we get 

dkhij = 2Cijk — L 1 (Lihjk + Ljhik), (2-6) 



from which we obtain 



2 1 

Lijk — Yp i i k ~ ~j~2^ li i^~' k hjkLi + hkiLj). (2-7) 



Taking (12.71) into account, (I2.3P can be rewritten in terms of in the form 



Cijk — T~{Cijk + —=hijk], (2.8) 

where = hijinrik + hj^rrii + hkirrij and m,; = b{ — jLi. 
(Note that m = rriiy 1 = 0.). 

Using (12. 5p and (12.81) we get the following 

Lemma 2.2. Under a (3-conformal change L(x,y) = e a ^L(x, y) + (3(x,y), the rela- 
tion between the the (h)hv-torsion tensors C* k and Cj k has the form: 



where 



A\ k = -=(h jk m* + hj irrik + h 1 j m k ) - - C jks U b s - -^{2m j m k + m 2 h jk )L\ (2.9) 

Differentiation both sides of (12.71) with respect to y h , we get 
2 • 2 

Lhijk — -j^pkChij — -J-pi^LhCijk + LiChjk + LjChik + LkChij) 



[hhihjk + h h jh k i + hhkhij / 



1 

1? 
2 

-j^i^hi LjLk + hhjLkLi + hhkLiLj + hijLkLh + hj k LiLh + hkiLjLh). 



Taking the above equation into account, ( 12.4ft gives the relation between d r Cijk and 

QkChif 

Lemma 2.3. Under a (3-conformal change L(x, y) = e a ^L(x, y) + (3(x, y), we have 

■ — ■ e? e a e u (3 

d r C{jk = Td r Cijk + —Cijkfn r + &ij.k[—Cij r mk — (hij(n r k + —h r k) + hi r Tijk)], 

where n r k = m r lk + mkl r and &i,j sk denotes cyclic permutation on the indices i,j, k. 
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3. Cartan connections associated to a /2-conformal 
change 

This section is devoted to the determination of the relationship between the 
Cartan connection CY associated to (M, L) and the Cartan connection CY associated 
to (M,L), under a /3-conformal change L(x,y) — > L(x,y) = e a ^L(x, y) + f3(x,y). 

Let Dj k be the difference tensor between the Cartan connection coefficients 
Y) k and T jk : 

D) k =T ]k -Y) k (3.1) 

Now, we are going to determine an explicit expression of D l - k . We will do so in three 
steps. Firstly, we determine D l 00 = D % - k yiy k : , then D % ok = D l - k y^ and finally D l - k . Here 
is our fundamental result: 



Theorem A. Under a [3-conformal change L(x,y) = e a ( x >L(x,y) + f3(x,y), the re- 
lationship between the Cartan connection Y - k of (M, L) and the Cartan connection 
Y r - k of (M, L) is given by Equations A3. 30\) below. 

Proof. As we have said, we proceed as follows: we firstly compute _Dq , then Dq- 
and finally D\-. 

• Determination of Dq Q = D r i -y l y^\ 
From (I2.2p . we get 

dkLij = dkie'Lij), (3.2) 

since 

Lij\k — d^Lij — Lij r N k — L r jYl k — L r iY T j k (3-3) 
In virtue of L^ = 0, (I3.3P implies 

dkL^ = Lij r N k + L r jY r ik + L Ti Y r - k . (3-4) 

Using d23D and (|3TT| . Equation (Q yields 

Lij r L>Q k + L r jD T ik + L ri D T - k = o~kLij, (3.5) 

where a t = fc. 

Now, differentiating (12. ip with respect to x J , we get 

djLi = dj(e a Li + b t ) = e u OjLi + e <T (6» j L i ) + djk. (3.6) 

Taking into account the fact that L^j = or, equivalently, that djLi = L ri N r - +L r Y T - i , 
we get 

e CT L r , D r 0j + L r D\j = e°a J L l + b Aj . (3.7) 
Equation (13. 7p is equivalent to the following two equations: 

e a {L ir D r 0j + L jr D r oi ) + 2L T Dlj = 2E ii + eV !r (3.8) 

e°{L lT D r 0j - L jr D r 0i ) = 2Fij - e<%., (3.9) 
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where 

(Tij = (TiLj + (TjLi, fiij = <JiLj — <jjLi. (3.10) 
On the other hand, Equation (I3.5P is equivalent to 

2Lj r D T ik + Lij r DQ k + Lj^D^ — L^Dq- = OiL^ + o^L^ — crjLn,. (3-H) 
Contracting (13. 8p by yi , we get 

e a L ir D r 00 + 2L r D r 0i = 2E 0i + e c r (a L 4 + ^L), (3.12) 
where we have put <xo := . Similarly, from ( 13.91) and (13.111) . we get 

e°L ir D r 00 = 2F l0 + e a {a Q Li - a,L), (3.13) 

LirDty + Lj r D^q + Lij r DQ Q = (JoLij. (3-14) 
Again, contracting (13.121) by y % gives 

L r D r 00 =E 00 + e a a L. (3.15) 
Equations (I3.13P and (13. 15)) can be written as a system of algebraic equations in D r Q0 : 

(i) L ir Dq Q = 2e~ a F i0 + (cr ^i - = B%, 

{%%) L r D' 00 = E 00 + e a a L = B. (3.16) 

To determine the tensor Dq , we need the following lemma of Matsumoto [TTj : 
Lemma 1. Given B and Bi such that BiL 1 = 0, the system of algebraic equations 
in A r 

(i) L ri A r = Bi {%%) (L r + b r ) A r = B, 

has the unique solution 

A r = LB r +-L_( B -LB P ) L r , 

where Bp = Bib 1 . 

Now, applying Lemma 1 on the system (13. 16)) . noting that B^y 1 = 0, we obtain 
an explicit expression for the required tensor D r 00 : 

D r 00 = 2Le~ a Fq + =(£ o - 2Le" y F m )U - L 2 a r + t(2Le a a + L 2 a p )L r , (3.17) 

where a p = cr* b\ F r = g ir F i0 and F po = F iQ b\ 

• Determination of Dq - = D^y 1 : 
Adding Equations (I3.9P and (I3.14p . we get 

Lir Dq - = e a Fij — —Lij r D r 00 + — (eroLjj — /ijj) =: Gij. (3.18) 
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Equation (I3.12p can be rewritten as 

L r D r l0 = E 0i - )fU r D T w + \e a {a G U + ^L) =: G t . (3.19) 

Substituting (13.171) in (13 . 1 8f) and (13.131) in (I3.19p . we get the following expressions for 
Gij and Gf. 

{%) G l3 = e~°F l3 - e~°LL ijr F \ + i%(£ o - 2Le-*F po ) - 

1 L 2 L 

+ 9 [L Lij r (T r + -yLij ap + (a Lij - + =e a a L ij , 

£ Lj Aj 

(u) Gi = E 0i - F 0i + e a (n L . (3.20) 
From Equations (I3.16p . (13.181) and (13 . 1 9j) . the tensors G^ and Gj have the properties: 

G^ = 0, G i3 y j = B u G 3 y 3 = B (3.21) 

To determine Dq 3 - we need the following lemma, which is a generalized version of 
Matsumoto's lemma: 

Lemma 2. Given the tensor Gij and Gj, with the properties Ii3.21\) . the system of 
algebraic equations in Dq- 

(z) L n D r 0j = G^ (it) L r D r 0j = Gj . (3.22) 
has the unique solution 

Dlj = LG' j + L{Gj - LG Pj )L\ (3.23) 
where G 1 j = g"' G r j and Gpj = b 1 G^. 

Proof of Lemma 2. It follows, from the formula g^ = hij + LiLj, that (i) of (I3.22p 
can be rewritten as 

g ir D r oj = LGij + LiL r D r Q j (3.24) 
Contaction of (13.241) by b % gives 



b r D r oj = LGpj + j-L r D T 0j (3.25) 



On the other hand, taking (13.251) into account, (ii) of (I3.22p is rewritten as 
e°L r D r oj = Gj - b r D r 0j = Gj - [LG Pj + ^L r D r 0j ] 

which gives 

L r D r 0j = | [Gj - LGpj] (3.26) 

Substitution of ( 13.261) into ( 13.241) ends the proof of the lemma. 
The required tensor Dq. is determined by Equations ( 13.231) . 
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Determination of D r --\ 



Equations (13.111) and (13. 8p can be rewritten respectively as 



(zz) L r D r l3 = Eij - l - e°(L n . D r 0j + L jr D r 0i - <r y ) =: H l3 (3.27) 



From Equations (13.221) and (13. 27j) . the tensors Hij k and Hj k possess the properties: 

H ijk = H ikj , H ijk y l = 0, H ijk y J = G ik , and H jk y 3 = G k . (3.28) 

Finally, to determine Dj k we need the next lemma, which generalizes Lemma 2 and 
can be proved similarly: 

Lemma 3. Given the tensor Hij k and Hj k , with the properties ^3. 28\) . the system of 
algebraic equations in D r - k 

{%) L„ D) k = H ijk (ii) L r D) k = H jk . (3.29) 

has the unique solution 

n ]k = LH* jh + ^(H jk - LE m )L\ (3.30) 

where H l - k = g ir H r j k and Hpj k = b l Hij k . 

Applying Lemma 3 on the system (I3.27P having the properties (13.281) . we ob- 
tain the expression (13.301) for the required tensor D l - k , which completes the proof of 
Theorem 3.1. □ 

It should be noted that the difference tensor D\j determined by (13.301) is explicitly 
expressed in terms of the constituents of the /3-conformal change (11.11) only. 

Remark 3.1. Consider the (3-conformal change U.l\) : 

L{x, y) — > L(x, y) = e^L(x, y) + (3{x, y). 

• When the (3-conformal change ( ti.il) is conformal ((3 = 0), the difference tensor 
D T - k takes the form: 

Djk = L 2 (C" l k C r m — Cj m C™ — C^CJ 1 ) — (Cj k cr — Cfc Vj — Cj y k + Cj k y r ) 

+ (5 r k aj + 5j a k - g jk a r ), (3.31) 

where C k := C k jO~i and C rk := C 3 rk o~j. 

This is the case studied by Hashiguchi J^j, Izumi (f^, JM/) and others fi"7| / ; ...etc. 

• When the (3-conformal change U.l\) is C -conformal ((3 = and Cj k a^ = 0), 
the difference tensor D r - k takes the form: 

U jk = 5 r k a 3 + b] a k - g jk a r - C] k a . (3.32) 

This is the case studied by Shibata and Azuma I73) /. Kim and Park and others. 
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• When the /3-conformal change U.l\) is h-conformal (f3 = and C T 3k a r = 
(n-i) hjk)> the difference tensor D r - k takes the form: 

C i a- 

D jk = 5 l Pj + 6 j Pk ~ 9jk P r ~ C] k p - 1 LL r LjL k , (3.33) 

where p 3 := a 3 + L-^f^Lj and p = p 3 yi . 
This is the case studied by Izumi JE/. 

• When the /3-conformal change U.l\) is a Randers change (a = and L is 
Riemannian), the difference tensor D r - k takes the form: 

& jk = LH* jk + ±{H ik - LH m )L\ (3.34) 
where H id = E i3 - -(G^ + G^), 

Dot = LG r \ + = (Gi — LG/3i)L r , 

Lj 

with Gij and Gi given by Equation below. 

This is the case studied by, Matsumoto OTj/ . Shibata, Shimada et al ITby and others 
JEj, ...etc 

• When the /3-conformal change U.l\) is a (3 -change (a = and L is Finslerian) , 
the difference tensor D r - k takes the form (3.33), with Gij and Gi given by Equation 
\4-4\ ) below. 

This is the case studied by Shibata [L$ , Matsumoto 01]/ and others. 

The above discussion shows that our consideration is much more general than 
various investigations existing in the literature. 



4. Consequences of the fundamental theorem 

Having obtained an explicit expression for the difference tensor Dj k , we are in a 
position to draw some consequences and conclusions from our fundamental theorem 
(Theorem A). 

Proposition 4.1. Under a /3-conformal change, the following relations hold: 

G v = l -L ir {8 3 D r 00 ) and G 3 = h r (d 3 D^ ) (4.1) 

Proof. From equation (13.131) . we have 

dj(L ir D r 00 ) = 4(2e- CT F i0 + (o-oL, - a.L)) 

which gives 

L ir (dj Dq Q ) = 2e a Fi 3 — L i3r D r m + {a^Lij — p i3 ) = 2Gi 3 . 
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Similarly, the second relation is obtains from Equation (13.151) . □ 

As a consequence of the above Proposition, taking (13.221) into account, we get 

Proposition 4.2. The tensor Gij can be written in a form free from the difference 
tensor D\j as follows: 



e 



— e a Fa + (Z^i 7 ^ + LjF i0 ) — 2e a C ij F k0 + Gh^ 
1 I? L 

+ 7;[ L2L ijr°~ r + ~y L ij °~I3 + {ooUj ~ £%)] + = & ^ohj, (4.2) 



where we have put G = -jj(E 00 — 2Le a F/3 ). 



2LL 

In the case of a Randers metric, we retrieve the Matsumoto's tensor [TT] 



= Fij + -{UFjo + LjFio) + Khij and G { = E 0i - F 0i , (4.3) 

where K = ^(E 00 - 2LF po ). 

In the case of a generalized Randers metric or a /3-metric, we get 

G^ = F^ +j-{LiF j0 + LjFi )-2C* j F k0 + Khij and G, = E 0i - F 0i . (4.4) 

Proposition 4.3. Under a /3-conformal change L — ► L = e a L + (3, the canonical 
spray S and the Cartan nonlinear connection iV* of (M, L) can be determined in 
terms of the corresponding objects of (M, L) in the form: 

5 r = S r + D r 00 , 

N] = iVJ + Dl 3 , (4.5) 
where D^ and D l j are given by \3.17\ ) and $3.23]) respectively. 

It should be noted that the expression, relating the two nonlinear connections, 
found by Hashiguchi [4] results as a special case from the above proposition (by setting 
P = 0). 

Proposition 4.4. Under a (3-conformal change, the torsion tensors change as follows: 

( a ) C j k = Cj k + A l - k , 

(b) V lk i% - /;;, • B) k . 

(c) R) k = E i jk + iXj >k (D i 0jlk - {B) r + p; r )D r ok ), 

where Aj k , D l 0j and D l jk are given by A2.Ety , A3. 23\) and A3. 30\) respectively, B l - k := 
dkF> l j and iij jk (Qj k ) := Qj k — Q k j. 
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Proposition 4.5. The relation between the (v)hv-torsion tensors Phjk and Phjk can 
be written in the form 

r £ 

Phjk — T Phjk ^~[LhjkrDoO + ^hjr^Ok + ^hkr^Oj + ^jkr^Oh ~ °~oLhjk}- 

Proof. By Proposition 4.4(b), taking Equation (13.301) and the expressions Bj k : = 
OkDyj and Li P* fc = Cju = into account, we get 

Phjk = Vih Pjk = [ T i.9ih - LiL h ) + Li L h ] P jk 

= r(g ih -L i L h )[P; k + d k D i 0j - D) k ] 
= rP hjk + rLL ih (d k Dqj -D) k ). 
Differentiation L ir D r j with respect to y k and using equations (13 . 1 8j) . we obtain 

d k (L ir Dqj) = LirkD^j + LirdkDyj and LihdkD 1 ^ = d k Ghj — L^D^ 

Therefore, Phjk can be rewritten as 

Phjk = TPhjk + TL{dkGhj — LhkrD r Q j — Hf L jk)- (4.6) 

Now, by Proposition 4.1 and Equation (13.181) . one can calculate d k Ghj which will be 
of the form 

dkGhj = —- Lhjk r D r m — Lhj r D r ok + - [cr Lhjk + o~kLhj — o~hLj k + crjLhk}- 

Substituting the above equation into (14.61) . we get the result. □ 

It shout be noted that Proposition 4 of Matsumoto [IT] results as a special case 
from the above proposition (by setting <r=0 and letting L be Riemannian). 

Theorem B. Under a /3-conformal change L — > L = e a L+/3, consider the following 
two assertions: 

(i) The covariant vector bi is parallel with respect to the Cartan connection CY. 

(ii) The difference tensor D l - k vanishes identically. 
Then, we have 

(a) // (i) and (ii) hold, then a is homothetic. 

(b) If a is homothetic, then (i) and (ii) are equivalent. 

Proof. 

(a) If = 0, than Eij = = F y , by (l3~T0l) . This, together with (13161) . imply 

o~oLi — o~iL = L ir Dq , 
e a a L = L r D r m . 

Now, if, moreover, Z?£- = 0, then D r m = 0, and so the above two equations give 

a Li — OiL = 0, 
a L = 0. 
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These two equations, together, yield <7j = and a is homothetic. 

(b) Let <Tj = and bi\j = 0. Then, it follows from (I3.17P that Dq = 0. This, 
together with (13 . 1 8[) and (13.191) . imply that Gij = and Gi = 0. Consequently, 
Dqj = 0, by (13.231) . Again, this, together with (13.271) . imply that = and 
Hij = 0. Consequently, Dr. = 0, by (ETSQj) . 

On the other hand, let <7j = and D\- = 0. Then, (13.181) implies that Fij = and 
(13.271) (ii) implies that = 0. Consequently, it follows from (13.101) that bi\j = 0. □ 

As a consequence of the above theorem, we have the following interesting special 
cases which retrieve some results of [3], [H], and [T7] : 

Theorem C. 

(i) Lei i/ie (3-conformal change L — >• L = e a L + (3 be conformal (/3 
vanishes identically if and only if o is homothetic. 

(ii) Let the [3-conformal change L — > L = e a L + (3 be a (3-change (a 
vanishes identically if and only if bi is Cartan-parallel. 



Acknowledgement: The author wishes to express his thanks to his colleague prof. 
Dr. Nabil L Youssef for fruitful discussions, critical reading, comments and the revi- 
sion of the manuscript. 



References 

[1] S. H. Abed, Conformal (3-changes in Yinsler spaces, To apper in "Proc. Math. 
Phys. Soc. Egypt". ArXiv No: math. DG/0602404. 

[2] H. AKbar-Zadeh, Initiation to global Yinsler geometry, Elsevier, 2006. 

[3] B. N. Brasad, B. N. Gupta, and D. D. Singh, Conformal transformation in 
Yinsler spaces with an (a, (3)-matric, Indian J. Pure Appl. Math., No. 4, 18 
(1987), 290-301. 

[4] M. Hashiguchi, On conformal transformation of Yinsler metrics, J. Math. Kyoto 
Univ., 16 (1976), no. 1, 25-50. 

[5] H. Izumi, Conformal transformations of Yinsler spaces I, Tensor, N. S. 31 
(1977), 33-41. 

[6] , Conformal transformations of Yinsler spaces II, Tensor, N. S., 33 

(1980), 337-359. 

[7] Byung-Doo Kim and Hong-Suh Park, On Yinsler spaces which are closed under 
C-conformal change, Proceedings of the 39-th Symposium on Finsler Geometry. 
Nov.lO-Nov-13, (2004), 12-19. 

[8] M. Kitayama, Geometry of transformations of Yinsler metrics, Ph.D. thesis, 
Hokkaido University of Education, Kushiro Compus,, Japan, 2000. 



= 0), then Dr. 
= 0), then D[ 



12 



[9] , Indicatrices of Handers change, 9th. International Conf. of Tensor So- 
ciety, Sapporo, Japan, Sep. 4-8 (2006). 

[10] M. S. Knebelman, Conformal geometry of generalized metric spaces, Proc. Nat. 
Acad. Sci. USA, 15 (1929), 376-379. 

[11] M. Matsumoto, On Finsler spaces with Handers metric and special forms of 
important tensors, J. Math. Kyoto Univ., 14 (1974), no. 3, 477-498. 

[12] R. Miron, General Handers spaces, Lagrange and Finsler Geometry, Ed. by 
P.L. Antonelli and Miron, 1996, pp. 123-140. 

[13] G. Randers, On the asymmetrial metric in the four-space of general relativity, 
Phys. Rev., 59 (1941), no. 2, 195-199. 

[14] C. Shibata, On invariant tensors of (3-changes of Finsler metrics, J. Math. 
Kyoto Univ., 24 (1984), no. 1, 163-188. 

[15] C. Shibata and M. Azuma, C-conformal invariant and tensors of Finsler met- 
rics, Tensor, N. S., 52 (1993), 76-81. 

[16] C. Shibata, H. Shimada, M. Azuma, and H. Yasuda, On Finsler space with 
Flanders metric, Tensor, N. S., 31 (1977), 219-226. 

[17] Nabil L. Youssef, S. H. Abed, and A. Soleiman, A global theory of conformal 
Finsler geometry, To appear. 



13 



